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ABSTRACT: In this work we introduce a method to construct Sturmian functions for
general interaction potentials in two-body problems. We expand these Sturmians on a
finite L2 space, using N Laguerre basis functions to obtain a discrete set of eigenvalues for
positive and negative energies. Orthogonality and closure relations are thus rewritten for
these expansions; completeness is achieved through increasing the basis size. We apply the
method to the Coulomb and Herman and Skillman potential. We study the behavior of the
functions obtained and their convergence for an overall range of energies. The Sturmian
functions are applied to solve the Schrödinger equation for an active electron in a He-like
system. © 2006 Wiley Periodicals, Inc. Int J Quantum Chem 107: 832–844, 2007

Accelerating spectral atomic and molecular collisions methods with
graphics processing units

2
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CNRS 7565, Université de Lorraine, 57078 Metz, Sturmians Functions (CSF) with an expansion in a set of L2 basis functions. In the

article

two-body case, we recover the exact (discrete) spectrum of the CSFs for negative energies
and a discretized approximation for positive ones. Besides, we make use of this method to
analyze the two-independent electron problem as a Generalized Sturmian problem. We
propose a discretized version of the wave function in terms of the CSF states, and show
that the problem reduces to find numerical coincidences between energy-dependent
eigencharges of the mutually independent one-electron systems. This expansion
methodology includes the continuum information which is lost in the sets used previously
in the literature, and is complete when the size of the basis goes to infinity. © 2008 Wiley

Key words: Sturmians functions; generalized Sturmians; two-electron atoms
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1. Introduction

expansion of the wave function in a set of eigenstates of the total angular momentum operator L2 ,
where the positions of the electrons are determined by
the spherical coordinates which locate the electrons
relative to the nucleus. By means of such expansion, one arrives to a two-dimensional equation in
the radial electronic coordinates, whose solution is
approximated as a superposition of two-electron
configurations. Other methods in which the basis
expands the behavior of the wave function in all the
interparticle distances are more rapidly convergent
(see [1, 2] and references therein), but generally the
calculation is very time consuming, and the algebra
is too much complicated to be extended from two to
many-electron atoms, compared to the case of the CI
scheme.
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been widely used to deal with two-electron
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abstract
We present a computation method to accelerate the calculation of the Hamiltonian of a three-body time
independent Schrödinger equation for collisions. The Hamiltonian is constructed with one dimensional
(basis overlaps) and two dimensional (interparticle interaction) integrals that are mapped into a
computational grid in a Graphics Processing Unit (GPU). We illustrate the method for the case of an
electron impact single ionization of a two electron atom. This proposal makes use of a Generalized
Sturmian Basis set for each electron, which are obtained numerically on a quadrature grid that is used
to compute the integrals in the GPU. The optimal computation is more than twenty times faster in the
GPU than the calculation in CPU. The method can be easily scaled to computers with several Graphics
Processing Units or clusters.
© 2014 Elsevier B.V. All rights reserved.

1. Getting started
The properties of atoms and molecules can be determined by
their wave function, which is obtained as the solution of the
Schrödinger equation for non-relativistic energies. There are many
methods to solve this second order, partial differential equation,
from simple approximations that can give a hint of the physics, to
the complete ab-initio numerical solution to predict physical quantities with a high degree of precision. When the wave function of
an atomic or molecular system is written in a basis expansion, the
Schrödinger equation transforms into a linear problem described
by a dense matrix [1]. To obtain this matrix, it is necessary to compute integrals between two elements of the basis (called overlaps)
and integrals of the interparticle potentials, that usually involve
four basis functions.
The details of the calculation of each element of this matrix
(called the Hamiltonian matrix) greatly depend on two factors.
First, the system of coordinates chosen to represent the positions
of the particles and their interactions, and second, the election of
the basis set for each particle. These choices are determined not
only by the number or type of particles involved, but also for the
kind of experiment and/or physical property under investigation.
For example, the simpler method makes use of Slater Type Orbitals
(exponentials times powers of the electronic coordinates relative
to the nuclei) as a basis set [2]. This is well suited to study bound
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Abstract
In this paper we investigate different representations of an arbitrary function in
terms of two-body Coulomb eigenfunctions. We discuss the standard energy
basis in spherical and parabolic coordinates with the purpose of remarking
explicitly that two additional parameters appear both in the Schrödinger
equation and in the wavefunctions: the charge and the angular momentum. We
introduce the charge and generalized angular momentum Sturmian function
representations, which result when the charge or the angular momentum is
used as the eigenvalue in the Coulomb Schrödinger equation, respectively.
We present the connection between the generalized angular momentum
representation and the Kontorovich–Lebedev transform. Finally, we extend
the angular momentum representation to six dimensions, which is suitable for
further applications in the three-body Coulomb problem.
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The study of electron-impact double ionization of atoms
allows one to learn about correlated systems. The most detailed
information is obtained through a kinematically complete
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absolute experimental (e,3e) data for helium have been published by the Orsay group [1,2]. The coplanar measurements
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were performed with an incoming projectile of 5600 eV, two
different sets of ejected electrons energies (4 + 4 eV and
10 + 10 eV), and a small scattering angle corresponding to
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Abstract
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kf k2 k3
d 5σ
= (2π )4
|Tf i |2 ,
d!2 d!3 d!f dE2 dE3
ki

(1)

in terms of the transition matrix
4π −
⟨$ |W |$0 ⟩.
q2 f

(2)

Here q = ki − kf is the momentum transferred to the target
[projectile with initial (ki ) and final (kf ) momenta], and W
contains the Fourier transform of the interaction between the
projectile and the three target particles. Only three-body wave
functions are required in (2): $0 representing the helium
ground state, and a double continuum $f− describing the
movement of the two ejected electrons (momenta k2 and k3 )
in the presence of the residual target ion.
Various methods have been developed in the past decades
to describe both types of three-body states. The description of
the double continuum is by far the most difficult both from
the theoretical as well as the numerical point of view, the
main difficulty being the imposition of appropriate asymptotic
behaviors. Ab initio methods like the R matrix [5], J matrix
[6,7], convergent close coupling [8], and exterior complex
scaling [9] have been very successful in describing the single
ionization of atoms by electron impact. For the simplest
case, the ionization of hydrogen by electron impact, really
good agreement has been found not only between several ab
initio methods but also in their comparison with the available
experimental data. This very satisfactory picture suggests that
all the methods provide an appropriate description of the
double continuum of a three-body Coulomb system (or at
least they numerically manage to find convergence towards
the exact solution of the problem). From these observations,
it can be stated that the three-body scattering problem has
been solved numerically. This idyllic situation, however, is
not encountered when applying the same double continuum
wave function to describe (e,3e) processes within the first
Born approximation. When comparing the results provided by
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In this paper the double ionization of helium by high-energy electron impact is studied. The corresponding
four-body Schrödinger equation is transformed into a set of driven equations containing successive orders in
the projectile-target interaction. The transition amplitude obtained from the asymptotic limit of the first-order
solution is shown to be equivalent to the familiar first Born approximation. The first-order driven equation is solved
within a generalized Sturmian approach for an S-wave (e,3e) model process with high incident energy and small
momentum transfer corresponding to published measurements. Two independent numerical implementations,
one using spherical and the other hyperspherical coordinates, yield mutual agreement. From our ab initio solution,
the transition amplitude is extracted, and single differential cross sections are calculated and could be taken as
benchmark values to test other numerical methods in a previously unexplored energy domain.

A boundary adapted spectral approach
for breakup problems

2

I. INTRODUCTION
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one. The method separates the three-body wave function 55
The double ionization of atoms by electron impact, even in
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wave function is expanded in terms of three-body Hamiltonian 57
20 in atomic physics [1]. Even the most sophisticated ab initio
eigenfunctions obtained trough a L2 diagonalization. The 58
21 theories are unable to describe absolute experimental data
external one is represented in terms of Coulomb Sturmian 59
22 without the need for a rescaling. The differences are specially
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67 asymptotic behavior. The coefficients 60
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28 more sophisticated numerical approaches to solve problems
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1

a b s t r a c t
The computational techniques needed to generate a two-body Generalized Sturmian basis are described.
These basis are obtained as a solution of the Schrödinger equation, with two-point boundary conditions.
This equation includes two central potentials: A general auxiliary potential and a short-range generating
potential. The auxiliary potential is, in general, long-range and it determines the asymptotic behavior of
all the basis elements. The short-range generating potential rules the dynamics of the inner region. The
energy is considered a fixed parameter, while the eigenvalues are the generalized charges. Although the
finite differences scheme leads to a generalized eigenvalue matrix system, it cannot be solved by standard
computational linear algebra packages. Therefore, we developed computational routines to calculate the
basis with high accuracy and low computational time. The precise charge eigenvalues with more than 12
significant figures along with the corresponding wave functions can be computed on a single processor
within seconds.
© 2011 Elsevier B.V. All rights reserved.

limiting first zero. The bound-hydrogenic functions are also widely

atomic systems, but not to analyze problems where particles can be
spread out through the space, like ionization processes. Quantum
chemistry calculations usually employ Gaussian functions to
obtain properties of molecules, and take great advantage from the
fact the systems under scrutiny are bound states [3–5].
Unlike these calculations of the quantum chemistry arena, collisional problems deal with particles that can be far from each other.
In fact, the most important feature of a collision, the cross sections,
are defined in those regions, assuming that the interactions among
the particles are no longer effective and that they are far away from
where the collision took place [6]. Therefore, the basis in collision
problems should be able to accurately expand the full wave function for large interparticle distances. Moreover, if charged particles are present, the basis should take into account the long-range
asymptotic behavior of Coulomb fields [7,8]. Finally, possibly the
main shortcoming is that it is not possible to use simple analytic
basis sets for collision problems. All these factors pose several challenges to perform a numerically accurate calculation of wave functions and cross sections in atomic and molecular collisions [9].
In the last few years, the computer hardware and software
have been moving fast to an heterogeneous world [10]. In the
desktop market, this meant going from a simple one-core desktop
computer to an aggregate of one to several multicore CPUs with
their corresponding accelerators. This also replicates in High
Performance Computing clusters, such as the Titan supercomputer
at Oak Ridge National Laboratory [11]. Nowadays it is not possible
to program a scientific code thinking only about the pure speed
of the calculation (i.e., floating points operations per second). Incore and out-of-core communication layers, memory hierarchies,
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Abstract

Two particle Sturmian functions [M. Rotenberg, Ann. Phys., NY 19 (1962) 262; S.V. Khristenko, Theor. Math. Fiz. 22 (1975) 31 (Engl. Transl.
Theor. Math. Phys. 22, 21)] for a short range potentials are obtained by expanding the solution of the Schrödinger equation in a finite L2 Laguerretype basis. These functions are chosen to satisfy certain boundary conditions, such as regularity at the origin and the correct asymptotic behavior
Solving three-body-breakup problems with outgoing-flux asymptotic conditions
according to the energy domain: exponential decay for negative energy and outgoing (incoming or standing wave) for positive energy. The set
of eigenvalues obtained is discrete for both positive and negative energies. This Sturmian basis is used to solve the Schrödinger equation for
a one-particle model potential [A.V. Sergeev, S. Kais, J. Quant. Chem. 75 (1999) 533] to describe the motion of a loosely bound electron in a
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with available absolute experimental data. In this contribution we discuss an alternative formulation which

Sturmian functions; Critical nuclear charge; N-electron atoms
allows to tackle the problem with a different methodology, the generalized Sturmian approach. Keywords:
We discuss

An analytically solvable three-body collision system (s wave) model issome
used issues
to test associated
two different
theoretical
to the
convergence of the calculated cross sections.
methods. The first one is a configuration interaction expansion of the scattering wave function using a basis
set of Generalized Sturmian Functions (GSF) with purely outgoing flux (CISF), introduced recently in A. L.
1. Introduction
Frapicinni, J. M. Randazzo, G. Gasaneo, and F. D. Colavecchia [J. Phys. B: At. Mol. Opt. Phys. 43, 101001
1 Introduction
(2010)]. The second one is a finite element method (FEM) calculation performed
with a commercial code. Both
The Sturmian functions [1,2] for a two-body system are of
methods are employed to analyze different ways of modeling the asymptotic behavior of the wave function in
particular
interest in atomic physics. These functions are soluIt has been stated that the three-body Coulomb problem has been solved numerically, the proof being
given
finite computational domains. The asymptotes can be simulated very accurately by choosing hyperspherical or
tionsSeveral
of the two-body Schrödinger equation for some physical
through calculations of the single ionization [(e, 2e) process] of hydrogen by electron impact [1].
rectangular contours with the FEM software. In contrast, the CISF method
can be recipes
defined both
in an
infinite
potential,
where the energy is fixed and the strength of the potennumerical
like the
Convergent-Close-Coupling
[2], the Exterior-Complex-Scaling [3], the
J-matrrix
domain or within a confined region in space. We found that the hyperspherical
FEM
calculation
tialAissimilar
the eigenvalue. Besides, they satisfy a set of boundary
[4], (rectangular)
among others,
managed
withand
great success to numerically approach the solution of the problem.
the infinite domain (confined) CISF evaluation are equivalent. Finally, we apply
these
to the Temkin-Poet
of the physical problem to be solved. Negative energy
success
is models
also obtained
when the same methods are applied to the double ionization of heliumconditions
by photon
approach of hydrogen ionization.
Sturmians
impact [(γ , 2e) process]. Except in some minor details, it can be said that these methods agree remarkablythat decay exponentially at large distances make a
well with each other, and with the experimental observations.
discrete basis for negative energies, and have been widely used
DOI: 10.1103/PhysRevA.84.052715
PACS number(s):
34.80.Dp,
34.10.+x
However,
for31.15.−p,
the double
ionization of helium by impact of high energy electrons, the (e, 3e)
process,
in atomic
physics to determine atomic energy levels [4–6], or
the same is not observed. When dealing with high energy projectiles the four-body problem corresponding
to expand the Coulomb Green function (see [7] and references
to
the
(e,
3e)
process
can
be
reduced
to
a
three-body
one.
This
reduction
can
be
related
to
the
First
Born
therein).
rior complex scaling (ECS) method [11,12] is very efficient at
I. INTRODUCTION
withincollisional
which no method
is able
to satisfactorily reproduce the absolute experimentalMeanwhile,
data of at positive energies, Sturmian functions might be
imposing the Approximation,
adequate asymptotic
behavior
to the
the Orsay group [5,6]. In addition, those numerical methods—which are in such beautiful agreement
for (e,to2e)
The three-body breakup problem is of fundamental interest
defined
satisfy outgoing, incoming or standing wave boundscattering wave function, through rotation of the coordinates to
and (γ , 2e) processes—do not agree with each other when applied to the (e, 3e) case [7]. In someary
sense,
this The spectrum of eigenvalues thus depend on the
in atomic collisions theory. The simplest example, ionization
conditions.
the complex plane.
fluxon
is related
anthree-body
exponentially
bringsOutgoing
some doubts
whethertothe
problem can be considered as solved in all cases. choice of the asymptotic behavior of the eigenfunction. Ovchinof atomic hydrogen by electron impact, is theoretically de-

scribed by the solution of the Schrödinger equation associated
with two electrons moving in the field of a heavy nuclei considered at rest. Analytical solutions are not known. However,
cross sections for various energies have been measured in the
laboratory for this process.
The main theoretical difficulties of the three-body fragmentation problems with Coulomb interactions are related
to the very complicated form of the six-dimensional (correlated) wave function together with its asymptotic properties
[1–5]. Many separable and nonseparable models have been
introduced to obtain approximate values for the transition
amplitudes [6,7], which are solutions of the Schrödinger
equation in some asymptotic region where at least one of
the particles is far away from the other two. However, the
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nikov and Macek [8] obtained a discrete set of eigenvalues for
purely outgoing wave Sturmians, however this functions became
unbounded as r increased. Rawitscher [9] was able to define a
set of Sturmians with outgoing wave condition even in the case
where a long range potential was present, showing that they
constitute a discrete basis set with discrete eigenvalues.
Following this approach, we propose a systematic method to
obtain Sturmian functions for both negative and positive energies, expanding the solution of the radial part of the Schrödinger
equation in a L2 Laguerre-type basis set. The use of the Green’s
function ensures the asymptotic behavior in the entire energy
domain. This basis set is therefore suitable for constructing the
wave function of a given scattering problem for both long range
Coulomb potentials or short range potentials.
In Section 1 of this paper we present a brief review of the
Sturmian theory and an analysis of the different asymptotic
behavior according to the energy domain. In Section 2 we
outline the general method to expand the two-particle Sturmian
functions in terms of Laguerre-type basis, and obtain orthogonality and closure relations restricted to a finite subspace.
Numerical results for a Coulomb well potential are shown for
both negative and positive energies. In Section 3 we use the
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abstract
We present a computation method to accelerate the calculation of the Hamiltonian of a three-body time
independent Schrödinger equation for collisions. The Hamiltonian is constructed with one dimensional
(basis overlaps) and two dimensional (interparticle interaction) integrals that are mapped into a
computational grid in a Graphics Processing Unit (GPU). We illustrate the method for the case of an
electron impact single ionization of a two electron atom. This proposal makes use of a Generalized
Sturmian Basis set for each electron, which are obtained numerically on a quadrature grid that is used
to compute the integrals in the GPU. The optimal computation is more than twenty times faster in the
GPU than the calculation in CPU. The method can be easily scaled to computers with several Graphics
Processing Units or clusters.
© 2014 Elsevier B.V. All rights reserved.
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